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Abstract 

In the paper [D-H] Douady and Hubbard introduced the notion of 
polynomial-like maps. They used it to identify homeomophic copies 
M' of the Mandelbrot set inside the Mandelbrot set M. They conjec¬ 
tured that in case of primitive copies the homeomorphism between M' 
and M is q-c, and similarly in the satellite case, it is q-c off any small 
neighborhood of the root. These conjectures are now Theorems due 
to Lyubich, [Lu]. The satellite copies Mp/g are clearly not q-c homeo- 
morphic to M. But are they mutually q-c homeomorphic? Or even q-c 
homeomorphic to half of the logistic Mandelbrot set? In this paper we 
prove that, in general, the induced Douady-Hubbard homeomorphism 
is not the restriction of a q-c homeomorphism: For any two copies M' 
and M" the induced Douady-Hubbard homeomorphism is not q-c, if 
the root multipliers X' and X", which are primitive q and q' roots of 
unity, have q ^ q'. 
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1 Introduction 


We consider the moduli space of quadratic polynomials as dynamical sys¬ 
tems under iteration. This moduli space is conveniently parametrized by the 
family Qc{z) = z'^ + c oi monic quadratic polynomials with critical point 0 
and critical value c G C. For an introduction to the theory of holomorphic 
dynamical systems given by iteration see e.g. [C-G], [Mi]. The connectedness 
locus of the quadratic family Qc, c G C is the famous Mandelbrot set: 

M = {c G C| Jc is connected}. 

Conjecturally the interior of M consists of precisely the hyperbolic compo¬ 
nents generically denoted H, each of which is conformally equivalent to D 
through the map which assigns to c G hf the multiplier Ph{c) of the unique 
attracting cycle for Qc- The period m > 1 of this attracting cycle is a char¬ 
acteristic of H. The multiplier map is known to extend to a homeomorphism 
between the closures. Moreover this map is even a holomorphic diffeomor- 
phism between the closures except possibly at the root point with image 1, 
which may be either a cusp point, the so-called primitive case, or a holomor- 
phically smooth point, the so-called satellite case. For a hyperbolic compo¬ 
nent H of period m, each boundary point p~H{oJp/q) where Up/q = is 

the root point of a satellite hyperbolic component H' of H with characteristic 
period qm. The main hyperbolic component Hq of M is the unique compo¬ 
nent with characteristic period 1. It is the primitive component bounded by 
the central cardiod. 

Douady and Hubbard [D-H] identihed via the theory of renormalization 
for each hyperbolic component H a subset denoted M}^ and constructed on 
M'pj an injection xh '■ M/^ —> M with xh{H) = Hq. They showed using 
the theory of polynomial-like mappings, that x is a homeomorphism if H 
is primitive and except possibly above the root of Hq, ii H is a satellite 
component. They moreover conjectured that xh is the restriction of a quasi- 
conformal map except possibly on neighborhoods of the root, when FT is a 
satellite. Haissinsky [Hi] complemented the above by showing that xh is also 
a homeomorphism at the root in the satellite case. And Lyubich [Lu] proved 
the long standing conjecture on quasi-conformality of xh- Anyway, Lyu¬ 
bich proof fundamentaly breaks down for neighborhoods of roots of satellite 
hyperbolic components. 

The question which remains is whether the satellite copies Mp/g with 
roots Aj}J(a;p/q) are mutually quasi-conformally homeomorphic. In particu- 
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lar, do they have a common model with which they are quasi-conformally 
homeomorphic to? A natural such candidate is given by half the logistic 
Mandelbrot set. Let P\{z) = Xz + denote the logistic family of quadratic 
polynomials, which is related to the family Qc by the degree 2 branched cov¬ 
ering c(A) = A/2 — A^/4. The connectedness locus is the logistic Mandelbrot 
set M^, which naturally decomposes into a left and a right half with unique 
common point 1 and each of which is mapped homeomorphically onto M by 
the holomorphic map A e-)■ c(A). 

Using her newly developed notion of parabolic-like mappings, the hrst 
author have shown that the root dynamics of any two satellite copies, are q-c 
conjugate, [Lo]. Nevertheless we prove in this paper that: 

Theorem 1. Forp/q and P/Q irreducible rationals with q ^ Q, the induced 
Douady-Hubbard homeomorphism 

^ ~ Xip/Q ° Ap/q • XJip/q > Mp/Q, 

is not quasi-conformal, i.e. it does not admit a quasi-conformal extension 
to any neighborhood of the root. Moreover for any satellite copy the induced 
Douady-Hubbard homeomorphism to half the logistic Mandelbrot set is not a 
q-c homeomorphism. 

We have reasons which advocates the following 

Conjecture 1. Forp/q andp'/q irreducible rationals with the same denom¬ 
inator, the induced Douady-Hubbard homeomorphism 

^ ~ ° X.p/q • ^p/q ^ AlpZ/q 

does admit a quasi-conformal extension between neighborhoods of the satellite 
copies. 

We return to this conjecture in a second paper on the topic. The insight 
behind the proof, can be explained in brief as follows. Consider (as in the 
proof of Yoccoz inequality) the lift of the satellite copy Mp/^ to the log A plane, 
i.e consider the connected component containing i27rp/q of the pre-image of 
Mp/q under the map A i—)■ e^/2 -|- e^^/4. Rescale and relocate this pre-image 
by the affine map A i-^ gA — pi27r, which is natural from the point of view of 
renormalization. Denote this lifted rescaled and translated copy with root 0 
by Mp/q. For p/q and P/Q irreducible rationals let f : Mp/q —> Mp/g denote 
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the induced Douady-Hubbard homemorphism. Then a necessary condition 
for ^ to be the restriction of a q.-c. homeomorphism, is that ^ is uniformly 
close to the identity with respect to the hyperbolic metric on the right half¬ 
plane Hr := {x + iy\x > 0}. 

As a word of further motivation we recall that Branner and Fagella [B-F] 
proved that, for p/q and p'/q irreducible rationals with the same denomina¬ 
tor, the corresponding limbs ^p/q and Lpijq of Hq are homeomorphic and they 
conjectured their homeomorphisms are restrictions of quasi-conformal maps. 
Conjecture 1 is a weaker, but yet essential version of the Branner-Fagella 
conjecture. 

Aknowledgment . The authors would like to thank M. Lyubich for 
bringing the question this article answers under the attention of the hrst 
author, when she was visiting Stony Brook University (fall 2013). The first 
author would also like to thank the Institute of Mathematical Sciences of 
Stony Brook University for their hospitality, and the Fapesp for support 
via the process 2013/20480-7. The second author would like to thank the 
Danish Council for Independent Research — Natural Sciences for support 
via the grant 10-083122 and the Institute of Mathematical Sciences of Stony 
Brook University for their hospitality. 

2 Outline of the Proof of the main Theorem 

For the ease of exposition it is convenient to formulate and prove Theorem 1 
in terms of the logistic or fixed point normalized quadratic family: 

Pa(2:) = Xz + z'^, X & C 

where the parameter A is the multiplier of the hxed point 0. This family forms 
a branched double covering of the standard representation Qc, the relation 
being c(A) = f — X’ critical point 1 and critical value 1/4. We write 
Mq for the homeomorphic pre-image A“^(M) C {A|3f?(A) < 1}, and denote 
the other copy Mq/i := A“^(M) C {A|3f?(A) > 1}. Evidently Hq = c(D). For 
A G Mo/i the fixed point 0 is the (3 hxed point of P\, that is the hxed point, 
which is the landing point of the unique hxed ray. For A G Mq the hxed point 
0 is the a-fixed point for P^, i.e. the other hxed point. 

We shall abuse the notation and for each irreducible rational p/q write 
Mp/g C Lp/g also for the satellite copy and limb of Mq with root oop/q. The 
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limb Lp/q is the unique connected component of Mo\{ci;p/q} not containing 0. 
Note that for p/q = 0/1 we have Mp/q = Lp/q, and otherwise the inclusion is 
strict. 

For p/q and P/Q two distinct irreducible rationals we likewise denote by 
^ the induced map ^ = Xp)q ° Xp/q • ^p/q —t Mp/g between the new sets. 
Since A c(A) is itself a quadratic polynomial, which maps the half-plane 
{x -|- iy\x < 1} univalently onto C\[|, cxo[, we may rephrase Theorem 1 as: 

Theorem 2. For p/q and P/Q irreducible rationals with q ^ Q the Doaudy- 
Hubbard homeomorphism ^ = X/qq ° Xp/q • ^p/q —t Mp/g, is not quasi-con- 
formal, i.e. it does not admit a quasi-conformal extension between any neigh¬ 
borhoods of the roots. 


For p/q an irreducible rational and A G Mp/q, let f = f\ : U' — > U he a. 
polynomial-like restriction of with the critical value of Pa in U'. Then the 
/3-fixed point of the polynomial-like restriction is 0, (the a-fixed point of Pa, 
when p/q ^ 0/1) and its new multiplier is A*^. Define A(A) = Log(A'^) as the 
principal logarithm of the new multiplier. It follows from Yoccoz inequality 
that the map A is univalent on a neighborhood of the limb Lp/q. We define 
Mp/q := A(Mp/q) C Lp/q := A(Lp/q) C Hr U {0} and may henceforth use A at 
will as the parameter. 

For P/Q another irreducible rational we shall, in order to avoid heavy 
indexing, use p rather than A as the parameter and for p G Mp/g write 
g = : V' —)■ V for the quadratic like restriction and M(p) = Log{p^) as 

above and Mp/g = M(Mp/g). Moreover we shall write f : Mp/q —)■ Mp/g 
for the induced Douady-Hubbard homeomorphism. Behind the scene of the 
proof of Theorem 1 hides the following Proposition, which is an instance 
of a Theorem by Sullivan and Shub, and for which the proof essentially is 
Teichmiiller’s extremal theorem for complex tori (see Proposition 9). 

Proposition 3. Let A G Mp/q\{0} and M = .^(A) G Mp/g. Then for any 
quasi-conformal (in particular any hybrid) conjugacy cf) : U —> V between 
polynomial-like restrictions f and g as above we have: 

hmsnpLogiF0(z) > dH,(A,M), (1) 

>-0 

where denotes the real dilation of cf). 


5 


We next obtain a similar resnlt in parameter space at Misinrewicz pa¬ 
rameters A* for which the critical valne of / is pre-fixed to 0. For the proof 
of this we first invoke a rather standard holomorphic motion argument to 
pass from a neighborhood of A* in parameterspace to a neighborhood of 0 
in the linearizing coordinate for fx* at P' := 0. Next we combine this with 
a new theorem, which is a relative of the Teichmiiller extremal theorem for 
complex tori to obtain: (for details see page 12): 

Theorem 4. Let A* G Mp/g be any (Misinrewicz) parameter such that the 
critical value — A*^/4 for fx* is prefixed to 0, and let M* = .^(A*). Then : 

limsup LogiFAA) > ciH,(A*,M*). 

For p/q any irreducible rational and A G Mp/^ let a'(A) denote the a-fixed 
point fx- The multiplier map p : Hp/q — > D, p(A) = f'x{a\X)) univalently 
extends to a neighborhood of the root Aq = Thus the inverse A(p) 

provides a local, univalent parametrization p A(p) = Log(A^(p)) of a 
neighborhood of 0 in the A parameter plane by a neighborhood of 1 in the 
p plane. We have the following estimate for A(p): 

Proposition 5. For any irreducible rational p/q there exists a constant 
ReSp/g with positive real part such that: 

A(p) = + o ((1^)' 

For p/g and P/Q two distinct irreducible rationals we have local parametriza- 
tions A(p) and M(p) of a neighborhood of 0 in the A-parameter plane and 
the M-parameter plane by a neighborhood of 1 in the p-plane. With f as 
above we have M(p) = ,^(A(p)) for any p G ©. By elementary calculations 
the above asymptotic formulas yield: 

Corollary 6. For q Q and p = e** G 5D.- 

dmQAip), M (p)) —)■ oo as p^l {i.e., as M 3 f —?■ 0). 

Recall that for p/q an irreducible rational the set Lp/g D Alp/g is the 
p/g-limb of Mq. For p'/q' a second irreducible rational we denote by 
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the p'/g'-sublimb of Lp/g, i.e. the connected component of Mo\{A(ppYq/)} not 
containing 0, where Pp'/^' = . As above we write := A(Lpy^,). 

The following Proposition, which is an elementary consequence of the Yoc- 
coz parameter inequality for the quadratic family, shows that, at least for 
particular sequences of rationals converging to 0, the limb is contained 
in a small hyperbolic neighborhood of its root. 

Proposition 7. For any irreducible rational p/q the -sublimbs of hp/q 
satisfy 

dianiH^(Lea'Ll), —^ 0 n ^ oo. 

For p/q and P/Q irreducible rationals and f : Mp/g —> Mp/g we obtain, 
by combining Proposition 7 with Corollary 6 : 

Corollary 8. Let {A„}^ with A„ e fl Mp/g be arbitrary and let = 

^ ^ ^ 

f(A„) e n Mp/g. If q^Q then 


duQAn, Mn) —)■ oo as n -)■ oo 

Theorem 2 and thus Theorem 1 now follows from Proposition 4 combined 
with Corollary 8 applied to any sequence A* G fl Mp/g of Misiurewicz 

parameters such that the critical point is prehxed to the /?' hxed point 0. 

3 Proofs 

3.1 Notation and a priori classical results. 

For P a monic polynomial of degree d > 2 let Jp and Kp denote the Julia set 
and the hlled Julia set of P respectively. Denote hy pp with ppo P = {ppY 
the Bottcher coordinate for P tangent to the identity at cxo and let gp denote 
the Greens function for iCp. For d G T ;= M/Z denote by Rg = Rg the exter¬ 
nal ray of argument 6. That is Rg is the field-line for gp arriving to oo at angle 
6, the latter being equivalent to (pp{Rg) C > 1}. For Kp connected 

the Bottcher coordinate extends to an isomorphism ipp : C\Kp — )■ C\D and 
Rg = </?p^({re*^^®|r >1}). The ray is said to land at Zq if its accumulation 
set in Kp is the singleton {zq}. The mapping z z'^ induces a dynamics on 
rays given hy 9 d9. 
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The dynamical plane landing theorem of Sullivan and Douady-Hubbard 
asserts that, when Kp is connected, any periodic ray lands at a repelling or 
parabolic periodic point with period dividing that of the ray, and any pre 
periodic ray lands at a point pre periodic to a repelling or parabolic point. 

A repelling or parabolic periodic point zq of exact period k > 1 for a 
polynomial P is said to have combinatorial rotation number p/g, {p,q) = 1, 
if it is the common landing point for a q cycle of rays under P^, and if 
the rays under P^ are permuted as the rational rotation p/q in the counter 
clockwise order around zo- The Douady landing theorem asserts that any 
(pre)-periodic point is the landing point of at least one and at most hnitely 
many (pre) periodic rays. And this dehnes a combinatorial rotation number 
for zq. For angle doubling {z ^ z^) there is for each irreducible rational p/q 
a unique cycle of arguments (of rays) with rational rotation number p/q. 

For the quadratic polynomials Qc we write (j)c for and R/ for the 
external ray of argument 9. The uniformization of the complement of the 
Mandelbrot set $ : C\M —)■ C\D is given by <h(c) = Pc{c). The external 
ray for M of angle 6 is := ^“^(Pg). 

The Doaudy-Hubbard landing theorem for M asserts that any periodic ray 
(ray of periodic argument) for M lands at the root of a hyperbolic component 
with the same period, and except for the special case of 0 = 0 = 1, the 
root ch oi a. hyperbolic component H of period m is the landing point of 
a pair of parameter rays P^ and P^. These rays separate the plane, and 
so they dehne a wake containing H but not 0. Moreover, for cp the 
corresponding dynamical rays dehne a wake W/// in which the critical value 
Ch is the unique point among the hrst m iterates under Qc^j of 0. In addition 
the common parabolic landing point Zq of the dynamical rays P^^ , P^f has 
period k dividing m. \i k = m the hyperbolic component is primitive. Else 
P is a satellite component of a hyperbolic component H' of period k and 
attached at an internal angle r/s with sk = m. In this satellite case the set 
:= M n is called the limb of H' with root ch- 

For c G the rays Pg, Pg, co-land on a holomorphically moving re¬ 

pelling and fc-periodic point z{c), which converges to Zq as c ^ ch in 
The dynamical wake dehned by the co-landing pair of rays Pg, Pg, 
contain an m-periodic point tc(c), which likewise depends holomorphically 
on c G which likewise converges to Zq as c ^ ch in and which 

is non repelling precisely for c E H. The multiplier map pH '■ H —)■ ©, 
Ph{c) = (Q/^)'(w(c)) thus extends to a holomorphic function on and 


even to a neighborhood of the root ch- 

The Doaudy-Hubbard landing theorem for M also asserts that any pre- 
periodic parameter ray of pre-period I and period k lands at a Misiurewich 
parameter c, such that c is the landing point of the dynamical ray Rg and it 
has pre period I to a repelling periodic cycle of period dividing k. Moreover 
for any dynamical ray Rg, landing at c the corresponding parameter ray R^ 
also lands at c. 

For P a polynomial of degree d> 2 and zq a repelling periodic point with 
exact period k and combinatorial rotation number p/g, the Yoccoz multiplier 
theorem or the PLY-inequality asserts that: There exists a unique preferred 
logarithm A of the multiplier A := (P^)'(zo) such that any lift of a ray landing 
on zq to the log linearizer T for at Zq (i.e. P^(\l/(z)) = T(z-l-A) is invariant 
under the translation z ^ z + qA — i27r. Moreover, this preferred logarithm 
is contained in the closed disk of radius r and center r + i2'Kp/q, where 

^ ^ /clog(d) 
nq 

and n is the number of cycles of external rays under P^ co-landing on zq (see 
[Pe] and [Hu] for more details). 

The Yoccoz parameter inequality, which immediately follows from the 
above, asserts that for any hyperbolic component H of period k there exists 
a constant C = Ch > 0 such that for any p/g, (p, g) = 1, the limb of H 
with internal angle p/q satisfies 

diam£;(L^/g) < (3) 

For a proof, see e.g. [Hu, Remark 4.3] (in this proof there is an impreciseness 
in the bound in the primitive case, where the exponent should have been 2 
rather than 1/2). 

The notion of rays, limbs, etc., as well as Yoccoz parameter inequality 
(with new constant) naturally carries over to the logistic Mandelbrot set, Mq, 
to log(Mo) and to the rescaled and shifted log-limbs and log-Mp/^’s Mp/g C 

Lp/g. 

It immediately follows from (2) that the rescaled and shifted log-limbs 
and log-Mp/g’s Mp/g C Lp/g are all contained in the closed disk of radius 
and center ro = log 2. It follows from this that for A G Lp/g the preferred 
logarithm of the multiplier A'^ for P\{z) = Xz + z‘^, is the principal logarithm 
A = Log(A'?). 
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3.2 Proof of Proposition 3 

Suppose / : U —)■ C is a holomorphic function with a repelling fixed point 
zo E U of multiplier A. Suppose further that 7 : [0,1 [—> C is an arc with 
7 ( 0 ) = zo and /( 7 ([ 0 , a[)) = [1, 0[ for some a > 0. Then 7 defines a preferred 
logarithm A 0 / A as follows: The quotient space T = Tj := Wr{zo)/f of 
the punctured disk of center zq and sufficiently small radius r > 0 by the 
dynamics of / is a complex torus. The quotient 7 // is a simple closed curve 
7 C T, which together with the projection 5 of a small clockwise oriented 
circle Crfizo), 0 < r' < r, generates the fundamental group of T. The triple 
(T, 5 , 7 ) dehnes a point A G in the Teichmiiller space of complex tori 
modeled on Hj. by taking —i27r and A' G as generators. The preferred 
logarithm of A dehned by 7 is the Teichmiiller point A represented by (T, S, 7 ). 

In more detail, possibly reparametrizing 7 we can suppose 7 (et) = 

Let ^|J : D —)■ U with '0(0) = ^0 be a univalent local linearizer for / around 
Zq, i.e. iIj{\z) = f oif^z). Let 7 : [0, e] —> D,, be the induced parametrization 
of the connected component of ' 0 “^( 7 ) 0©^ containing 0. Using the dynamics 
we can extend 7 to an arc 7 : [0, cxo] —)■ C with and = 00 . 

For any logarithm A' of A the exponential map e^ semi-conjugates translation 
by A' to multiplication by A. Let 7 : R —)■ C be a lift of 7 ( 0 *) to e^. Then 
all such lifts are disjoint and given by 7n := 7 + ni27r, 'u G Z and there exists 
m = m{A') G Z such that A' -|- 7 „(t) = fin+mit + 1) for all n. Thus replacing 
A' by A = A' — mi 2 TT we obtain A -|- 7 „(t) = 7 „(t -|- 1 ) for all n. The preferred 
logarithm of A defined by 7 is A. Let T ;= {mA — n27ri\m,n G Z} and 
dehne the complex torus T\ := C/T, then AR/T and 7 /r are isotopic in Ta. 
Moreover the mapping 0(e^) : EI_ —> 0(D)\{zo} induces an isomorphism 
■0 : Ta —> Tf, which maps 7 /r onto 7 and [ 0 , —i27r]/r into an arc isotopic 
to S. That is (T, 6 , 7 ) represents the Teichmiiller point A. 

Next suppose fj : Uj —)■ C, j = 1,2 are holomorphic functions with re¬ 
spective repelling hxed points Zj G Uj of multiplier Xj. Suppose moreover 
that Aj are preferred logarithms of Xj dehned by backwards invariant arcs 
■jj : [0,1 [—> C with 7 j( 0 ) = Zj. Then any quasi conformal local conjugacy 
0 : uji —)■ UJ 2 of /i to 02 between neighborhoods ui of zi and a ;2 of Z 2 induces 
a quasi-conformal homeomorphism 0 : Ti —)■ T 2 sending (5i C Ti := Tf, to 
an arc isotopic to 62 <Z T 2 := Tf^. 

Proposition 9. With the notation above, if 0 ( 71 ) is isotopic to 72 in T 2 , 
or eguivalently if one (hence any) lift of o 0 i(e^) to 02 (e^) conjugates 


10 


translation by Ai to translation by A 2 , then the real dilatation satisfies 


\imsup K^{z) > dH,(Ai,A2), 
kKo 


where •) denote the hyperbolic distance in EI^. 

Proof. This is an immediate consequence of the Teichmiiller extremal Theo¬ 
rem for complex tori, which states that real dilatation Ki of 0 satishes 


sup K^{z) > dH,(Ai, A 2 ). 

zeTi 


□ 

Proof, of Proposition 3 : Any ray in the p/q-cycle of rays for P\ landing at 0 
is hxed under fx and dehnes A as the preferred logarithm of A'^. Similarly M 
is the preferred logarithm of pP dehned by the rays which colland on 0 and 
which are hxed by ( 7 ^. Moreover any conjugacy between fx and preserves 
the hlled Julia sets and so the isotopy hypothesis of the above Proposition 9 
is satished. Hence Proposition 3 follows. □ 

3.3 Proof of Theorem 4 

Let p/q be any irreducible rational and let A G Mp/g. Recall that denotes 
the a-hxed point of fx and that Q!'(A) can be followed holomorphically on 
the wake with root Aq = ojp/q as a periodic point of exact period q 

for Px- And that its multiplier p(A) := Pf{a'{X)) is a holomorphic function 
p : W^° —> C, in fact with a holomorphic extension to a neighborhood of 

the root Wp/g, with p“^(D) = iJp/g. 

For any irreducible rational p'/q' denote by the p'/g'-sub-limb of 

Lp/g = Mo n with root A = p“^(a;p//g/). For any A G the fx -hxed 
point a'(A) is the common landing point of the g'-cycle of periodic rays for 
fx (gg'-cycle of rays for P^) giving a'(A) rotation number p'/q'. In particular 
it is a separating point for the hlled Julia sets for fx and Kx for Px. It 
separates —(A/ 2 )^, the common critical value of Pa and fx from 0. And thus 
all the pre-images of a'{X) under Pfi, n > 0 are separating points. 

The holomorphically moving hxed point a'{X) for fx has a unique pre¬ 
image a']^(A) G Kp which thus also moves holomorphically with A G AV^°. 
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Moreover for A in any of the sub-limbs the pre-image G 

separates the critical value —(A/2)^ as well as Q!']^(A) itself from f3' := 0. Dehne 
recursively a'^{X) as the unique f\ pre-image of a^_i(A), which separates the 
later from 0. Then —)■ 0 as u —)■ 0 and the whole sequence {q!^(A)} moves 

holomorphically with A G W^°\p“^([0,1]). 

Proof, of Theorem 4 : Let A* G be any (Misiurewicz) parameter such 
that for some minimal m > 1 : /™(—(A*/2)^) = 0. Let r > 0, Dx* = D(A*,r), 
and dehne the holomorphic function h{X) := /™(—(A/2)^) ; Dx* —)■ C, with 
h(A*) = 0. Possibly restricting r > 0 we can assume the sequence {a^(A)}n 
moves holomorphically on Dx*. By Slodkowskys Theorem there exists a 
holomorphic motion H : Dx* x C —?■ C of C extending the motion of the 
sequence {^^(A)}^ union the q external rays co-landing at 0. We dehne a 
quasi-regular map ( : Dx* —)■ C by C(A) = Hf^{h(X)), where Hx is the quasi- 
conformal homeomorphism Hx{z) = H{X,z). The map ( is asymptotically 
conformal at A*, i.e. its real dilatation K(;{X) converge uniformly to 1 as 
A ^ A*. More precisely its dilation at A is bounded by the dilatation of Hx, 
and thus satishes logiL^(A) < logd(A), where d(A) denotes the hyperbolic 
distance in Dx* between A* and A. 

For each dynamical ray R landing at 0 for A*, each connected component 
of is contained in a parameter ray landing on A* G Mq. It follows 

that the local degree of C at A* is 1, so that, possibly restricting r > 0 
further, the map C is a quasi-conformal homeomorphism from Dx* into the 
dynamical plane of fx* such that for every n with Q!^(A*) G ({Dx*) and 
Xn ■= have 

/-+”(-(A./2)2) = a;(A„). 

Possibly reducing r > 0 further we can also assume that ({Dx*) is contained 
in a domain of univalence for the linearizing coordinate (fx* for fx* at 0. Let 
TV G N be such that a^(A*) G ({Dx*) for all n > N. Then tfp/g := (fx* o C is 
a quasi-conformal homeomorphism, which is asymptotically conformal at A* 
and which maps the sequence {A„}„>Ar to the geometric sequence {a^(A*) := 
(fx*{an{X*))}n>N with 


(AT-«Uim=«n(A*). 


For fi* = .^(A*) we can construct similarly a quasi-conformal homeomor¬ 
phism ifp/Q dehned on a small circular disk around qi* and asymptotically 
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conformal at /i*, mapping for large n the sequence /i„ = ^(A„) onto a geo¬ 
metric sequence (possibly augmenting N) with 

Let ^ : D\» —> C be any quasi-conformal extension of ^ to Dx *, and consider 
the quasi-conformal map ip := ipp/Q o ^ o ipp/q~^ between neighbourhoods of 
zero. It maps the A* geometric sequence {«(i(A*)}n>Ar onto the jj* geomet¬ 
ric sequence Moreover it maps the initial ray segment say 

Rg ^ ([0,r]) onto a curve, which emanates from 0 and which is homotopic 
relative to {0} U {aP{^*)}n>N (i-e. via a homotopy which hxes point wise 
this set and is injective above this set) to the ray segment r]). 

We shall prove, Theorem 10 below, that such a quasi-conformal homeo- 
morphism satishes 


hmsupLogiL^(z) > du,{A*,M*). 

z^O 

From this the Theorem follows. The following Theorems are generalizations 
of the Teichmiiller extremal theorem for complex tori, to a non-compact 
setting. □ 

Theorem 10. For j = 1,2 let Xj G C\©, Aj be a logarithm of Xj, and 
: [0,1] —)■ C be the arc 7j(t) = —tA. Let ip : D —)■ C, iA D D 6e a quasi- 
conformal homeomorphism with '0(Ah") = Xf^ for n > 0 and ip oji isotopic 
to 72 relative to the set {0} U {Xf'^\n > 0}. Then 

hmsupLogiF^(z) > dH,(Ai,A 2 )- 

z->-0 

Proof, of Theorem 10 : Notice that 7j(t) = exp(z7r -|- Aj \ogt) for 0 < f < 1. 
For each j write ^fit) = exp(±i7r -|- tAj) for f G M. Then Log( 7 ^“) is below 
while Log( 7 j'’) is above the bi-in£nite sequences Aj ■ Z, and together they 
separate Aj ■ Z from all the other pre-images log(Aj) of Xf. 

Let H : [0,1] x [0, r] —)■ C\{A^"}n>Ar be a homotopy of '0(7i([O, r])) to 
72([0,r]), with H{s,0) = 0, H{s,t) ^ 0, for t > 0, H{0,t) = ip{'yi)(t) and 
iL(l,f) = 72 (t). Choose r' > 0 such that D' := ©(0,r') CC D. Possibly 
reducing r we can suppose H{[0, 1], [0,r]) C D'. Possibly increasing N we 
can suppose that Aj"" G H' for n > iV and for all s G [0,1] ; \H{s, r)| > |A^|. 
Possibly replacing ip{z) by X 2 -ipiXf^z) we can suppose ip is quasi-conformal 
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in a neighborhood D' of for all n > 0, in particular = 1 

and i/([0,1], [0,r]) C Let be the unique lift of to e^ with 

d/(0) = 0. Then since T(0) = 0 and '0(7i([O,' t])) is homotopic to 72 ([ 0 ,r]) 
relative to {A 2 }nGN U {0} it follows that 

Vn>0,VmGZ: T(—uAi + m2m) = —nA 2 + m27ii. (4) 

Indeed let denote the lifts of H to the covering e^ with = 

±27r + tKj. Then 3fJ(iL^(s,r) > 0 and since are homotopies, the curves 
d/(±i7r+] — oo,r] • Ai) = — 00 , r]) union iL^([0, l],r) U (iivr + 

[—oo,r[-A 2 ) are below for — and above for + the sequence {—'uA 2 }n>o- 
Thus (4) holds for m = 0 and all n > 0. And then (4) holds also for all m 
since d/(z + i27r) = d/(z) + i27r. The proof now follows from the following 
Theorem 11. □ 

Theorem 11. Suppose R > 0, Ai, A 2 G and d> : {x + iy\x < R} —)■ C 
is a quasi-conformal homeomorphism which satisfies (4). Then 

limsup log Kq,{z) > dH,(Ai,A 2 ). 

3 ({(z)—>■—00 

Proof. The following proof is based on a classical proof of the Teichmiiller 
extremal theorem. In this theorem the hypothesis on T above is replaced by 
a globally dehned conjugacy T : C —> C between the full group actions in 
stead of only the semi-group actions on the semi orbit of 0: 

\/z G C, Vn, m G Z, : T (.2 — nAi -|- m2'Ki) = T (z) — nA 2 + m2'Ki 


The proof of the Teichmiiller extremal theorem we lean on, amounts to show¬ 
ing the following : 

Claim : For any e > 0 there exists integers p, g, r, s, 0 < g, 0 < s such that 
the quadrilaterals Qj = Q{qA.j —p2Tii, sAj —r27ri) with corner 0 and spanned 
by the vectors qAj — p 27 ri and sAj — r27ri, say with a-sides parallel to the 
hrst vector have moduli satisfying 


Mod(gi) 

Mod(g2) 


> dH,,(Ai, A 2 ) — e. 


To turn the Claim into a proof in the case at hand with much weaker hypoth¬ 
esis we need to overcome that we have little control over the images of the 
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boundary of Qi. Let e > 0 be given and choose integers p, g, r, s as above with 
g < 0, s < 0 as above and consider the quadrilaterals = -k-Qj C HI., 
j = 1,2. Then Qj has the same modulus as Qj, and T maps at least k + 1 
lattice points on each side of Qi to corresponding lattice points on Since 
T is K-qc. for some hxed K and conjugates the actions by the semi-groups 
on 0 and since integer scaling maps the two orbits of 0 into themselves. It fol¬ 
lows that '^{kz)/k converges locally uniformly to the affine mapping, which 
takes Ai to A2 and i27r to itself. By continuity of the modulus it follows that 
we can choose N such that for k > N 


Mod(g^) ^ 

Mod(T(Q5^) - 


and thus 


Mod(g^) 

Mod(T(g^) 


> dH^(Ai, A2) — 2e. 


Since we can repeat this argument with uniform estimates on quadrilaterals 
to the left of any pair of corresponding lattice points the Theorem follows. 

For completeness of exposition we include a proof of the claim above. 
Case I : Q'(Ai) = A(A2) = 27ry and say 0 < 3f?(A2) < 3f?(Ai) so that 
dH^(Ai,A2) = log(3f?(Ai)/3f?(A2)). li y = u/v with (M,n) = 1 and n > 0 take 
p = u, q = — V , r = 1 and s = 0. 

If y is irrational consider say the sequence of best rational approximants 
Un/vn to y with Vn > 0. Then the quadrilaterals spanned by Vn^j — Un2m 
and 27ri becomes more and more retangular with the same height 27r and 
ratio of the base 3fJ(Ai)/3fJ(A2) so that given e > 0 we may take g = 
p = Un, s = 0 and r = 1 for a sufficiently large n. 

Case II : A(Ai) ^ 9'(A2), say 9'(Ai) > A(A 2 ) the other case being symmet¬ 
ric. Let T be the hyperbolic geodesic in Hr through Ai and A 2 . Then T is a 
half circle orthogonal to with upper end point i2T[y for some g G M and 
thus 2 Tiy > 9'(Ai) > A(A2). 

Case IIA : If g = u/n is an irreducible rational let m/n be a rational with 
nu — vm = 1 and thus with u/v > m/n Dehne 


Lj := mAj — n 2 T[i, Nj := vAj — u 2 T[i and Aj := —i 2 'iiLj/Nj, j = 1, 2. 


and note that — 7 i /2 < Arg(Aj) < 0 for both values of j, as i27iy is the upper 
end point of T. Then 

Aj = A(Aj), where Am(z) := —i27i -: H^ — ?■ H^ 

vz — u27ri 

(is conjugate to the Mobius transformation G PSL(2,Z) with deter¬ 

minant nu — qv = 1 hj the linear map 2; 1—)■ —i27iz) so that der(Ai,A2) = 
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dH^(Ai, A 2 ) and Q'(Ai) = Q'(A 2 ). Thus we are essentially back to Case 1. Let 
e > 0 be given and let a/h with (a, &) = 1 satisfy 

Mod(Q(&Ai - a227r,-i27r) 

log--> deAAi, A 2 ) - e. 

Mod(Q(feA2 — ai27r, —i27r) 

Then Possibly increasing |a| and b we can suppose that —7r/2 < Arg((6Aj — 
ai27i) ■ Nj) < 0, so that {bAj — ai27i)Nj/{—i27i) = bLj + aNj G H,, Thus we 
may take (p, q, r, s) = {bm + au, bn + av, u, v). 

CASE IIB : If p is irrational, we may proceed similarly as above. Let 
Um/vm, Um > 0 be the (odd numbered) convergents of y, which converges to 
y from above, and let Um+i/vm+i with > 0 be the following (even num¬ 
bered) convergent Then VmUm+i — UmVm+i = 1, and the hyperbolic geodesic 
5m connecting i2TiUm/um to i2'KUm+ilvm+i crosses T and converge to the 
upper end i2'Ky of T. In particular the crossing of T and 5m takes place hy- 
perbolically further and further away from the segment of T between Ai and 
A 2 . Dehne 

Apm • ^m+lAj Vjm+\2j7l’l^ Nj^m • Um2'^1 and 

Aj^m ■= -i2TTLj^m/Nj^m- Then 9(A(,'m) < 0 and Arg(Ai,m - A 2 ,m) converge 
to 0. Indeed, the hyperbolic isomorphism 

Amiz) := 

UmZ Um2‘Tli 

maps i2'KUml'Vm to 00 , i27rMm+i/nm+i to 0 and 5m to M+. So the hyperbolic 
isomorphism Am also maps the geodesic T to a semi-circle geodesic T crossing 
M+, and Ai, A 2 to T hyperbolically further and further away from M+. More¬ 
over as Um/vm — y > y — Um+i/vm+i the angle between 5 and T, when these 
are parametrized with increasing imaginary parts, is smaller than 7r/2 for 
sufficiently large m. This proves Arg(Ai^m — A 2 ,m) converge to 0. Let am/bm 
be the irreducible rational with smallest denominator between 9=(Ai)/27r and 
Q'(A2)/27r. Given any e > 0 we may choose a sufficiently large m such that 

Mod(Q(6Ai - ai27r,-i27r) 

log--> deAAi, A 2 ) - e. 

Mod(Q(feA2 — az27r, —i27i) 

From here proceed as in the CASE IIB, y rational above to produce the 
desired (p, q, r,s). □ 
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3.4 Multiplier relation at simple satelite parabolic bi¬ 
furcations 


For F : U —> C, where C C, a holomorphic map with a fixed point Zq G f/, 
we define: 


mult(F, Zq) 


l{F, Zq) 


resit (F, zq) 


27r* Jc{zo,r) F{w) - w 

the multiplicity of Zq as a fixed point for F. 

- r -—rdta, 

27r* Jc{zo,r) w - F[w) 

the holomorphic index of F at 2;o- 

^mult(F,zo) - i^{F,Zo), 

the residue iteratif of F at Zq. 


(5) 

( 6 ) 

(7) 


Here and elsewhere the radius of the circle for the circulation is chosen suf¬ 
ficiently small for zq to be the only fixed point of F inside the circle, except 
if explicitly stated otherwise. The residue iteratif is well behaved under it¬ 
eration; indeed for all n > 1 we have n ■ resit (F*^, zq) = resit (F, zq) (see e.g. 
[B-E, p. 250]). For a domain U on which the principal logarithm LogF' is 
well defined and holomorphic we define the Buff-form 

__ (F^^) - l)dz 

' {F{z) — z)LogF'{z) 

A routine calculation shows that, for a fixed point zq as above: 

^ I (F'{w) - l)dw ^ f if F'{zo) ^ 1, 

27ri Jcizo,r) iF{w) - w)LogF'{z) [resit(F, zq) if F'{zo) = 1 

(see also the habilitation thesis of Cheritat [Ch]). 

Suppose that, for some irreducible rational p/q and ojp/q = the 

family: 


Fx{z) = \z + 0{z^), with A G D(a;p/q, F), F > 0 

is a holomorphic family of holomorphic maps defined on a neighourhood of 0 
and with first q iterates defined and holomorphic on some disk D(r'), r' > 0. 
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Suppose furthermore that 0 is a non degenerate parabolic fixed point for 
F = i.e. mult(F'^, 0) = g + 1. Choose r, 0 < r < r', such that 0 is the 

unique fixed point of F in ro(r), and for every 2 ; G ©(r), {F'^y{z) G ©(1,1). 
Then, possibly reducing R > 0 and r G]0,r'[, we can assume that, for all 
A G ]D){ujp/q, R) and for all 2 ; G ©(r), {F^y{z) G ©(1,1), and the circle 
(7(0, r) = (9©(r) is disjoint from the set of fixed points of F^. For such A the 
disk ©(r) contains precisely g + 1 hxed points of and no other periodic 
point of Fx with a period dividing g. Moreover, for all A the hxed point 0 is 
non degenerate, and for A 7 ^ Up/g the other g hxed points of F^ form a non 
degenerate g — cycle for Fx- We denote by A the principal logarithm of the 
multiplier A^ of the hxed point 0 for F^. We denote by p = p(A) the multiplier 
of the g-cycle for Fx, and by P = Logp the principal logarithm of p. Then, 
by the hypothesis above, both A and V belong to the disk Log(©(l, 1)), and 
we may take A as the parameter. We shall abuse the notation and write F\ 
for Fx and P(A) for P(A). Dehne 


((Fl)'(m) - l)dw 



0 ( 0 ,r) (F^(!o) - w)Log(FlY{z)’ 


where (7(0, r) is the circle discussed in the paragraph immediately above. 
Then by ( 8 ) the holomorphic function H satishes 



(9) 


When A 7 ^ 0 we obtain, by solving the above equation for P(A), the formula 



which evidently is also valid for A = 0. It shows that P'(0) = —g 7 ^ 0. Thus, 
by the inverse function theorem and possibly at the expense of reducing 
R > 0 further, we may take V as the parameter and reparametrize again. 
We shall thus write A(P) rather than P(A), and ReSp/g := resit(Fo,0). 

Proposition 12. The holomorphic function A(V) has the following second 
order Taylor expansion 


A(P) = -V/q - ReSp/g{Vlqf + 0{{V/qf). 
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Proof. Solving this time the second line of (9) for A(V) we hnd 


A(P) 


V 

q-VH{A{V)) 


V ^ VH{A{V)) ^ 


As H is holomorphic with -ff(O) = ReSp/g we may write 
H{A{V)) = ReSp/, + ResiA(iP) + 0(A2(p)) = ReSp/,-R^ + 0 



1 


where Resi = Inserting this into the formula for A{V) above we obtain 

the Proposition. □ 

Buff and Epstein [B-E] have proved inequalities for the residue iteratif. 
Recall that P\{z) = \z + z^. As a particular instance of the immediate 
Corollary of their Theorem B we have: 

Theorem 13. For any irreducible rational p/q and Aq = the residue 

iteratif of at 0 satisfies 

3f?(resit(P{^,0)) > 1. 

Proof. For p/q = 0/1 an explicit computation for the polynomial Pi{z) = 
z P z^ yields resit(Pi,0) = 1. For g > 1 we have from Buff and Epsteins 
formula [B-E, Corollary of Theorem B p. 252]: 

3?(resit(P,^^,0))>^^ + |>l. 

□ 


Proof, of Proposition 5: For the asymptotic formulas, take F\ = Pa and 
Ffi = P/i in the above discussion and Proposition 12. For the lower bound 
on the real part of ReSp/g = resit(Po, 0), apply Theorem 13. □ 

Proof, of Corollary 6: Recall that, for p = e** G ©, we have M{p) = 
^(A(p)). We compute the hyperbolic distance between M(p) and A(p) from 
the asymptotic formula given by Proposition 5. To this end note that, since 
the real parts of both Pi := ReSp/g and P 2 := Resp/g are positive, the second 
term of the asymptotic formulas: 
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and 







—Res 


PjQ 


= -Ro 


= R2 


Q 


have positive real parts, and therefore A(p) and M(p) both belong to Hr. The 
following computation uses the fact that homothetisies and vertical transla¬ 
tions are hyperbolic isometries in Hj,. 


d„,(A(p), M(p)) = d„,(-- + Oiitiqf), + + 0({tlQf )) 


q 




,Q^ 


tQ 

g2 


Q Q2 

,-_ + ii,_ + o 




= dHr(-^+Rl- + 0 
t q 

> dHr(-^ + Rl-, -J + R2h - 0{t) 
t q t Q 

>d„.(-^ + l,-^ + l)-0(l). 

Finally, hyperbolic geodesics in H,, are arcs of circles with center on the 
imaginary axis, and with diameter their intersection with the imaginary axis. 
Since the chord of a circle is smaller than the diameter, we obtain: 


dH.(A(p),M(p)) > 21og _ 0(1) 


cxo, as t ^ 0. (10) 

□ 


3.5 Yoccoz estimates of quadratic limbs. 


Proposition 7. For any irreducible rational p/q the -sublimbs of Lp/q 
satisfy 


diamn. 



as n ^ oo. 


Proof. Note at hrst that, for every integer n > 2, the rational number (n^ — 
l)/n^ is irreducible and asymptotic to 1/n. Recall that Hp/q with root 0 is 
the principal hyperbolic component of Mp/^. Let Cp/q > 0 be the Yoccoz- 
constant for Hp/q given by (3) so that 


diam(L^/2''_J < 




( 11 ) 
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Moreover, by Proposition 5, the root ) of the limb is placed 

at 




z27r^ 


+ Res, 


27r 


n^-l ^ 2 


■p/q 


o 
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n^-1^ 


SO that 


g?(A(e*'"A?")) > gfJ(ReSp/,)^ - (P(l/n^) 


dvr^ 


q2^2 


Combining the estimates (11) and (12) we hnd that 

diamH,(Log(LAi)) £ 0(1/11) 


( 12 ) 

(13) 

□ 


Proof, of Corollary 8 : Let A„ and Mn be the principal logarithms of the (3' 
hxed points for fx„ and respectively, where fin = f,{Xn) and n >2. Dehne 

A° = A{pn) and = M{pn), where pn = (so that = ,^(A°)). 

Then by the triangle ineqnality: 

dH.(A„,M„) > duM.K) - dH.(A°, A„) - de.(M„,M°). 


The hrst term on the righthandside diverge to cx) by Corollary 6, and the 
two remaining terms converge to 0 by Proposition 7. In fact asymptotically 
we have the more explicit lower bonnd (10) for the hrst term and the npper 
bonnd (13) for the two remaining terms. 

□ 
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